Experimental results have shown that, in multicore fiber laser arrays, the in-phase or out-of-phase mode is selectively amplified according to the self-phase-modulation coefficient ͓22͔. The existence and stability of nonlinear modes in centrally coupled circular arrays of waveguides was considered in Ref. ͓23͔ .
In Ref.
͓24͔ it is shown that dissipative optical lattice solitons are possible in waveguide configurations that involve periodically patterned semiconductor optical amplifiers and saturable absorbers.
Exact bright soliton solutions are not known to exist for the DGL equation. However, if one considers an AblowitzLadik ͓25͔ type of discretization of the GL equation, exact solutions can be found in both nonlocal cubic ͓26͔ and nonlocal quintic nonlinearities ͓27͔. In Ref. ͓28͔ solitons in a perturbed Ablowitz-Ladik discrete NLS equation are considered. The perturbations taken into account include linear dumping, nonlinear cubic amplification and quintic dumping, and the complex second difference.
Dissipative discrete solitons have also been studied in arrays of coupled waveguide resonators ͓29͔. Modulational instability and generation of nonlinear modulated waves was also investigated for the DGL equation ͓30,31͔.
Up to now, in the area of dissipative optical lattices, only one dimensional topologies have been investigated. Here, we consider a two-dimensional dissipative waveguide lattice which is modeled by a two-dimensional DGL equation. We study the linear discrete diffraction and gain properties of the system. In the nonlinear case, families of dissipative discrete soliton solutions are identified, both numerically and asymptotically in the case of high confinement. The stability of the solutions is tested numerically. In the long-wavelength limit we also demonstrate that the two-dimensional DGL equation can be approximated by a two-dimensional GL equation.
II. MODEL
p, and q are in general complex and can be expressed in terms of real variables as ␣ = ␣ r + i␣ i , p = p r + ip i , and q = q r + iq i , whereas ⑀ is real. In Eq. ͑1͒ ⑀ accounts for linear gain or loss and p i , q i represent the nonlinear gains and/or losses of the system. p r and q r are the coefficients of the cubic and quintic nonlinearities. The coefficient ␣ r stands for the linear coupling among nearest neighbors, and ␣ i corresponds to gain or loss due to coupling.
III. LINEAR PROPERTIES
The diffraction and gain curves of the system can be obtained by assuming low-amplitude plane wave solutions having the form
where q = q r + iq i . In Eq. ͑2͒ x and y are real, and represent the Bloch momentum along the x and y directions. Experimentally these parameters can be adjusted by changing the input tilt of the laser beam inside the array. Substituting Eq. ͑2͒ into the linear part of the DGL equation ͑1͒ and separating the real and imaginary parts, the diffraction q r = 2␣ r ͑cos x + cos y ͒ ͑ 3͒ and gain ͑or diffusion͒
relations are obtained. From Eq. ͑3͒ and assuming a positive coupling coefficient ␣ r Ͼ 0, the second order diffraction along the j = ͕x , y͖ direction ͑given by 2␣ r cos j ͒ is normal when − /2Ͻ j Ͻ /2 and anomalous for /2Ͻ ͉ j ͉ Ͻ . Thus, the diffraction relation is of the elliptic type when cos x cot y Ͼ 0 and hyperbolic when cos x cos y Ͻ 0. Utilizing the dispersion relation, the group velocity of a linear input beam is derived:
On the other hand, the growth rate of a low-intensity ͑lin-ear͒ signal is given by g =−q i . Thus, the discrete Fourier components of an input beam for which g͑ x , y ͒ Ͼ 0 ͑Ͻ0͒ are going to experience growth ͑decay͒ along z. A necessary condition for the stability of a nonlinear spatially localized beam is the stability of the supporting zero background. The zero solution is stable when g͑ x , y ͒ Ͻ 0 for all possible values of x and y inside the first Brillouin zone. This latter condition results in
The linear diffraction or diffusion pattern, when a single lattice site is excited at the input ͓u j,k ͑0͒ = ␦ j,0 ␦ k,0 u 0 ͔ is derived from the following formula:
Furthermore, the equation for diffraction or diffusion of an arbitrary initial condition can be solved exactly by appropriately superimposing Eq. ͑7͒. In Fig. 1 the linear diffraction pattern resulting from a single waveguide excitation is shown for different values of the parameters at z = 1.5. In Fig. 1͑a͒ the conservative limit is taken ͑␣ =1͒. As is graphically depicted, the diffraction concentrates most of the intensity at the perimeter of a square. On the other hand, in the nonconservative limit ␣ = i␣ i , the beam intensity maintains a Gaussian-like profile along z. When ␣ i Ͼ 0 in-phase modes are preferably amplified, whereas for ␣ i Ͻ 0 the field pattern becomes out of phase as it evolves. In Fig. 1͑b͒ , ␣ =1+i, gain dominates, and at the output the field amplitude has a bell shape. An exact formula for the field evolution can also be derived when the propagation constant varies linearly across the array. In that case, the input beam experiences Bloch oscillations in spite of the fact that the Bloch wavepacket exhibits gain or loss ͓21͔.
The parameter space for which standing DGL solitons bifurcate ͑via a Hopf bifurcation͒ from the zero solution can be found by isolating the points for which the growth rate becomes zero, g͑ x , y ͒ = 0, and in addition ١ g = 0. Three different such points exist, in particular, the ⌫ ͑ x = y =0͒, the X ͑ x =0, y = ± or x = ± , y =0͒, and the M ͑ x = ± , y = ±͒ points of the Brillouin zone. Notice that in the onedimensional case, two bifurcation points, located at the base and the edge of the Brillouin zone, exist ͓19͔.
IV. LONG-WAVELENGTH APPROXIMATION
Let us express u j,k in terms of the amplitude and phase, u j,k = j,k exp͑i j,k ͒. In the long-wavelength limit, it is assumed that the optical wave is broad enough that the amplitude difference between adjacent lattice sites is very small ͉͑ j±1,k − j,k ͉ Ӷ 1 and ͉ j,k±1 − j,k ͉ Ӷ 1͒, and the corresponding phase differences in the x and y directions are almost constant, say x and y , respectively
is applied to Eq. ͑1͒. We can consider v j,k as a discretized sample of the continuous function v͑x , y͒ with steps ⌬x and ⌬y in the x and y directions, i.e.,
where
Without loss of generality, we can assume these steps to be unity, ⌬x = ⌬y = 1. The linear coupling terms among nearest neighbors of the DGL equation can now be expressed by the following Taylor series around v j,k :
Substituting the expansions ͑11͒ and ͑12͒ into Eq. ͑1͒, the following nonlinear complex Ginzburg-Landau equation with nonlocal complex diffraction term is obtained:
͑13͒
Up to this point, no assumptions have been made about the form of the solution and thus Eq. ͑13͒ is equivalent to the DGL equation ͑1͒. From the phase transformation ͑8͒ in the long-wavelength limit of v j,k , both the amplitude and the phase vary slowly with the lattice index and thus
From Eq. ͑14͒ it is evident that one can obtain an accurate approximation of Eq. ͑13͒ by keeping up to second-order derivatives in Eqs. ͑11͒ and ͑12͒. Subsequently, the transformation v = U exp͑i␣ r x͒ and the coordinate system change X = x − c x z, Y = y − c y z, Z = z are applied, resulting in the following cubic-quintic complex Ginzburg-Landau equation:
V. FAMILIES OF HIGHLY CONFINED DISSIPATIVE DISCRETE SOLITONS
Families of highly confined DGL soliton solutions can be identified by utilizing the symmetries of the problem. Let us first assume that Eq. ͑1͒ admits solutions of the form u j,k = v j,k exp͑iqz͒ and thus
follows a simple phase invariance. More specifically, if v j,k is a solution of Eq. ͑19͒, v j,k exp͑i͒ is also a solution. This invariance can be used to consider solutions such that v 0,0 = A where A is a positive number.
Let us focus on solutions that are highly confined in the lattice. We can assume that the amplitude of v j,k is A on the maximum-intensity lattice sites, and ͉␦͉ ͑␦ being a complex number͒ on the lattice sites that are adjacent to the highintensity sites. Thus, the condition for high confinement results as ͉␦͉ Ӷ A.
Notice that the solutions have specific symmetries according to their quadrant. For the sake of simplicity, let us analyze the symmetries in the one-dimensional case and then generalize these results for two-dimensional lattices. Such a symmetry analysis is adopted from linear discrete systems ͓32͔. In one dimension the z-independent form of the DGL equation is
where F j = p͉v j ͉ 2 + q͉v j ͉ 4 . First, we consider "on-site" soliton solutions such that ͑i͒ the field amplitude is maximum for lattice element 0 and decreases for increasing ͉j͉ and ͑ii͒ the amplitude is an even function of j with symmetry ͉v j ͉ = ͉v −j ͉. From the second condition, F j = F −j , and thus L −j v j =0. Applying the transformation j → −j we find that
From Eqs. ͑20͒ and ͑21͒ the phase condition v j = v −j exp͑i͒ between positive and negative waveguides is obtained. However, since u j has a unique value for j = 0, we find that =0, i.e., v −j = v j for soliton solutions with a single peak. On the other hand, off-site discrete solitons have their maxima at two adjacent lattice sites, i.e., ͉v 0 ͉ = ͉v 1 ͉ = A, and, in addition, satisfy the even parity condition ͉v j ͉ = ͉v 1−j ͉ which results in L 1−j v j = 0. Applying the transformation j → 1− j, we obtain
From Eqs. ͑20͒ and ͑22͒ it turns out that v j = v 1−j exp͑i͒. Subtracting the equation L 1 v 1 = 0 from L 0 v 0 = 0 results in the phase condition exp͑2i͒ =1, or =0,. Thus, there is an exact 0 or phase difference between the high-amplitude lattice sites although the lattice parameters are complex. Notice that, in the DNLS equation case, the phase difference between first neighbors ͓⌬ j = j+1 − j where v j = j exp͑i j ͔͒ is the same for all values of j and is equal to 0 or . On the other hand, in dissipative DGL lattices the phase difference ⌬ j in general depends on j.
Similar symmetry arguments can be applied for twodimensional lattices. All the families of dissipative soliton solutions discussed here are shown in Table I . We are considering three different cases shown in the three columns of Table I . These soliton families are on-site which has a single intensity peak, the off-site with two peaks, and off-site with four high-intensity peaks.
Let us first consider the on-site solution whose amplitude has the symmetries F j,k = F −j,k = F j,−k = F −j,−k . Following a similar analysis as for the one-dimensional case, it can be shown that u j,k = u −j,k = u j,−k = u −j,−k . For off-site solutions with two peaks, we consider the intensity pattern with the parity F i,j = F 1−i,j = F i,−j = F 1−i,−j . In this case, two different possibilities for the field exist, which are shown in the second column of Table I . The quadrants of the first family of such solutions ͓Table I͑b͔͒ satisfy u i,j = u 1−i,j = u i,−j = u 1−i,−j and thus the phase difference among the high-intensity elements is zero. The quadrants of the second family ͓Table I͑c͔͒ have the symmetry u i,j = u i,−j =−u 1−i,j =−u 1−i,−j and, thus the phase difference between the high intensity sites is . Finally, in the right column of Table I 
VI. APPROXIMATE DGL HIGHLY CONFINED SOLITONS
Approximate analytic expressions for the dissipative DGL solitons shown in Table I can be found in the case of discrete modes that are highly localized inside the lattice. The highconfinement limit is widely used for finding approximate accurate solutions in conservative discrete lattices ͓33,34͔.
Let us start by considering the first family of solutions ͓Table I͑a͔͒ which has a maximum on a single lattice site. This family of solution is called on site because the maximum of an imaginary envelope is located exactly at the lattice site ͑0, 0͒. Following the algebra and assuming that v 0,0 = A ӷ ͉v i,j ͉ where ͑i , j͒ ͑0,0͒, we get
In Eq. ͑23͒ the amplitude as a function of the bifurcation parameter ⑀ is obtained. Notice that the solutions of the DGL equation have codimension 1. Thus, for fixed ⑀ only a finite discrete set ͑and not a family͒ of on-site solutions exists. More specifically, according to the values of the parameters, Eq. ͑23͒ supports zero, one, or two different soliton solutions, each one of them having a different amplitude. In addition, the soliton propagation constant is obtained from
Finally, the amplitude of the four lattice sites adjacent to the high-intensity central one is well approximated by 
where ͕i , j͖ = ± 1. The necessary condition for high lattice confinement ͉␦ / A͉ Ӷ 1 using Eqs. ͑23͒ and ͑25͒ becomes
The same analysis can be repeated for all the families of solutions shown in Table I . For each of these families, there is a simple transformation that can be applied to Eqs. ͑23͒ and ͑24͒ to determine A 2 and q. Notice that parameter ␦ is always given by Eq. ͑25͒. Specifically, for the solutions shown in Table I͑b͒ this change of variables is ⑀ → ⑀ − ␣ i along with q → q − ␣ r . For the family ͑c͒ A 2 and q are obtained through ⑀ → ⑀ + ␣ i and q → q +2␣ r , For the solutions shown in Table I͑d͒ the transformation is ⑀ → ⑀ −2␣ i and q → q −2␣ r , whereas for the families ͑e͒ and ͑f͒ Eqs. ͑23͒ and ͑24͒ remain unchanged.
The decay of soliton solutions for large values of ͱ m 2 + n 2 can be obtained asymptotically in the long-wavelength limit. In this case, the form of the solution at infinity becomes
where K 0 is a modified Bessel function. It is perhaps interesting to point out that, from the above analysis for highly confined solutions, no distinction is made between solutions residing at different points of the Brillouin zone. This happens because, up to the first-order approximation considered here, all three families of solutions become essentially identical in the strong-localization limit.
VII. NUMERICAL RESULTS
Exact numerical solutions of the DGL equation were obtained using Newton's iteration scheme. Initial conditions for the numerics were provided by the asymptotic analysis of the previous section. In Fig. 2 a typical bifurcation curve having codimension 1 is depicted for the on-site mode shown in Table I͑a͒ . The numerically obtained bifurcation curve is in very good agreement with the asymptotically obtained one ͓given by Eq. ͑23͔͒ in the high-confinement limit ͑A ӷ 1͒.
A stable background is a necessary requirement for the stability of a bright DGL soliton. We have seen that the zero solution is linearly stable against any type of perturbation when Eq. ͑6͒ is satisfied. In addition, stability requires a subcritical bifurcation of the zero solution with the soliton followed by a saddle-node bifurcation. Such a sequence of Table I . The parameters of the DGL system are those of Fig. 2. bifurcations is possible when p i Ͻ 0 and q i Ͼ 0. From the approximate expressions for highly confined dissipative solitons, the saddle-node bifurcation of the on-site mode happens for ⑀ Ӎ −p i 2 /4q i . Notice that the aforementioned conditions are necessary but not sufficient for the stability of the solutions. Thus, one can look for stable solitons in the upper branch of the bifurcation curve, for values of ⑀ that lie approximately in the region ͑−p i 2 /4q i ,−4͉␣ i ͉͒. In Fig. 3 typical examples of numerically obtained soliton solutions are shown. We have tested the stability by performing a series of numerical simulations for all the modes shown in Table I and for different values of the parameters. The parameter space of the DGL equation chosen is such that the single-peak ͑on-site͒ mode is stable. Our simulations revealed that three of the modes are always stable, whereas the remaining three are unstable. More specifically, the singlepeak soliton is selected to be stable, one of the two doublepeaked modes is stable, and one of the three four-peaked modes is also stable.
The dynamics of the unstable modes can lead to different scenarios. For example, for the parameters shown in Fig. 2 and for maximum intensity A 2 = 1.9, all of the unstable modes transform to mode ͑a͒, i.e., ͑a͒ → ͑a͒, ͑b͒ → ͑a͒, ͑c͒ → ͑c͒, ͑d͒ → ͑a͒, ͑e͒ → ͑a͒, ͑f͒ → ͑f͒. According to the values of the parameters and the perturbations applied, different instability dynamics occurred. However, we noticed that as the parameters p i and q i become larger, there is a trend for all n-peaked solutions to transform to the corresponding stable n-peaked solution. For example, for p =1−3i, q =1+͑1/3͒i, and for maximum soliton amplitude A = 2.6, the instability dynamics result in ͑a͒ → ͑a͒, ͑b͒ → ͑c͒, ͑c͒ → ͑c͒, ͑d͒ → ͑f͒, ͑e͒ → ͑f͒, ͑f͒ → ͑f͒.
VIII. CONCLUSIONS
In conclusion, we have considered a two-dimensional dissipative waveguide lattice which is modeled by a twodimensional DGL equation. We have studied the linear discrete diffraction and gain properties of the system. In the nonlinear case, families of dissipative discrete soliton solutions have been identified, both numerically and asymptotically in the case of high confinement, and their stability has been examined numerically.
